
       UIL HIGH SCHOOL MATHEMATICS MAGIC : BOOK 8  
         (The following are excerpts from the workbook) 
 
 

(10) Harmonic mean  of a nd b  =  
GeometricMean2

ArithmeticMean
  =  

2ab
a + b

 

 

 Note  :   Harmonic mean of 3 terms  =  
3a1a2a3

a1a2 + a1a3 + a2a3

  

 
(23) HeronÕs Formula  :   Area  =  s(s! a)(s! b)(s! c) ,  where A is the area of a triangle with 

 sides a, b, and c;   s  =  semi-perimeter  =  
a + b + c

2
 

 
(28) Radius (r) of circle inscribed in a triangle with sides a, b, and c  : 
 

 r  =  
s(s− a)(s− b)(s− c)

s
 

 
(29) The radius of a circle that circumscribes a triangle with sides a ,b, and c is equal to 

 
abc
4K

, where K is the area of the triangle (K  =  s(s! a)(s! b)(s! c) ) 

 
(30) Euler Polyhedron Formula  :   V  -  E  +  F  =  2 for all convex polyhedrons,  

where V = number of vertices, E  =  number of edges, and F  =  number of faces. 
 

B. A rhobicuboctahedron is an Archimedian solid whose faces are triangles and squares.   It has  
  48 edges, 24 vertices, and 8 triangular faces.   How many square faces does it have? 
 
  (A)   12         (B)   16          (C)   18         (D)   22         (E)   26 
 
   Solution  : 24  -  48  +  F  =  2 
 
    F  =  26 
 
    Since polyhedron has 26 faces and 8 of them are triangular, then 18 are square faces. 
 
(36) Figurative numbers 
 
 Triangular numbers  =  n(n  +  1)/2 
 Square numbers  =  n(2n  -  0)/2 
 Pentagonal numbers  =  n(3n  -  1)/2 
 Hexagonal numbers  =  n(4n  -  2)/2 
 Heptagonal numbers  =  n(5n  -  3)/2 
 Octagonal numbers  =  n(6n  -  4)/2 
 Nonagonal numbers  =  n(7n  -  5)/2 
 
 (3) General equation of a conic section is  Ax2   +  Bxy  +  Cy2   +  Dx  +  Ey  +  F  =  0 
 



(A) If  !   is the angle of rotation, then cot2θ   =  
A− C

B
 

 
  1. Find the angle of rotation, !  (nearest degree), where 0¡  <  !   <  90¡, such that the conic  
   x 2   +  2y2   -  3 xy  -  1  =  0 contains no xy term in its equation. 
 
   (A)   15¡         (B)   24¡        (C)   30¡        (D)   44¡        (E)   60¡ 
 

   Solution  :     cot2θ   =  
A ! C

B
 

 

   cot2!   =  
1! 2

! 3
 

 

   cot2!   =  
1

3
 

 

   tan2θ   =  
3
3

 

 
   2θ   =  30¡ 
 
   !   =  15¡ 
 
 (4) Although the cross product of two vectors can be solved by a formula, it is solved more easily if 

set up as a 3 x 3  determinant.    If  v  =  (x1, y1, z1) and  w  =  (x2 , y 2 , z2 ), the v  x  w  = 
 

i j k

x1 y1 z1

x2 y2 z2

  =  ai  +  bj  +  ck  ;   Answer  :  (a, b, c) 

 
Example A  :   If  v  =  (1, 2, 3) and  w  =  (4, 5, 6), then v  x  w  =  __________. 

 

Solution  :   

i j k
1 2 3

4 5 6

  =  i
2 3

5 6
  -  j

1 3

4 6
  +  k

1 2
4 5

  =  -3i  +  6j  -  3k 

 
Note :   The cross product of a vector is a vector.    Take the coefficients of the result when 
you evaluated the determinant as the x, y, and z values of the answer. 

 
   Answer  :  (- 3, 6, - 3) 
   
Three numbers divided by the number D, each with remainder R.   Find R. 
 

A. If the three numbers, 433, 342, and 290 are each divided by the number D, each of their quotients 
will have the same remainder R.  Find R. 
 
(A)   0       (B)   2      (C)   4       (D)   6       (E)   8 
 
If R is subtracted from each of the given terms the results will be multiples of D. 



 
433  -  R,  342  -  R,  290  -  R 
 
The GCD of the difference between any of these multiples will equal to D. 
 
(433  -  R)  -  (342  -  R)  =  91 
 
(342  - R)  -  (290  -  R)  =  52 
 
Find the GCD of 91 and 52.    GCD is 13.    Thus, D  =  13. 
 
423  Ö  13  =  33, remainder 4.   Therefore, R  =  4. 

 
Special Mixed Number Problem 
 

A. P, Q, and R are positive integers.   If  P  +  
1

Q +
1
R

  =  
25
19

, then find P  +  Q  +  R. 

 

 (A)   25        (B)   18         (C)  10        (D)   6        (E)   
19
25

 

 

 P  +  
1

Q +
1
R

  =  1 
6
19

   ;  P  =  1  and  
1

Q +
1
R

  =  
6

19
  ; 

 

 Q  +  
1
R

  =  
19
6

   ;   Q  +  
1
R

  =  3 
1
6

  ;   Q  =  3  and  
1
R

  =  
1
6

   ;  R  =  6 

 
 P  +  Q  +  R  =  1  +  3  +  6  =  10 
 
 
Find the average speed going up and down a hill at different rates 
 
A. Harry Trotter ran to the top of a hill at an average speed of 6 mph and down the hill the same 
 distance at an average speed of 4 mph.   What was HarryÕs average speed for the trip? 
 
 (A)   4.4 mph          (B)   4.6 mph        (C)   4.8 mph        (D)   5 mph         (E)   5.2 mph 
 

 Distance  =  Rate  x  Time   ;   Time  =  
Dis tance
Rate

 

 
 Let  D  =  the distance traveled up or down the hill 
 

 Rate  =  
2D

D
6

+
D
4

   =   
2D

D
6

+
D
4

!

"

#
#
#

$

%

&
&
&

12
12

'
()

*
+,

  =  
24D

2D + 3D
  =  

24D
5D

  =  
24
5

  =  4.8 

 
Seesaw Problem 
 
A. Allie Kat weighs 90 pounds and is sitting on a seesaw 120 inches from the middle.   Don Key 



 weighs 150 pounds.   How far from the middle must Don sit in order to balance the seesaw? 
 
 (A)   30 inches     (B)  45 inches     (C)   60 inches     (D)   72 inches     (E)   120 inches 
 
 Note  :    The product of the distance from the center of the seesaw and the weight on one side 
                 is equal to the product of the distance from the center of the seesaw and the weight on 
      the other side. 
 
 90(120)  =  150x 
 

 x  =  
90(120)

150
  =  72 

 
Finding lateral area of an oblique cylinder 
 
A. Find the lateral area, nearest square cm, of the oblique cylinder with radius 4 cm, 
 slant height 9 cm and height 8.06 cm.  (nearest square centimeter). 
 
 (A)   452 sq cm      (B)   352 sq cm      (C)   327 sq cm     (D)   226 sq cm     (E)   176 sq cm 
 
 Solution  : Lateral area of an oblique cylinder is equal to  : 
 
   Slant height times circumference of circle  =  9(2)(!)(4)  =  226 sq cm 
 
Finding mathematical expectations 
 
A. Willie Wen tries to ring bottles at a game booth at the county fair.   He gets 25 points for ringing 
 a Pepsi bottle and 15 points for ringing a Coke bottle.   If he doesnÕt ring a bottle he loses 5 points. 
 The probability of ringing a Pepsi bottle is 30%, a Coke bottle is 40%, and not ringing a bottle is 
 30%.   What is the mathematical expectation on any one ring tossed? 
 
 (A)   7.5 points     (B)  12 points     (C)   13.5 points     (D)  15 points     (E)   17.5 points 
 
         Solution  : 30%(25)  +  40%(15)  -  30%(- 5) 
 
    7.5  + 6  - 1.5  =  12 
 
D. A police officer compiled the following information about the number of people in a car that 
 passed by him during the noon hour.   Based on the information, what is the mathematically 
 expected number of people in a car during the noon hour on any given day? 
 
 
     Number of people         1             2              3            4             5            6 
 Probability of that number of people in the car     38%         27%        14%        12%        6%         3% 
 
 (A)   1.8         (B)   2          (C)   2.3          (D)   2.6         (E)   2.8 
 
 .38(1)  +  .27(2)  +  .14(3)  +  .12(4)  +  .06(5)  +  .03(6)  =  2.3 
 

Evaluate  :   (ck + d)
a

b

∏  

 



A. Evaluate  :   
1
n
− n⎛

⎝⎜
⎞
⎠⎟2

5

∏  

 

 (A)   129 
3
5

       (B)   72       (C)   15         (D)   - 12 
43
60

        (E)   15 

 

 
1
2

! 2"
#$

%
&'

1
3

! 3"
#$

%
&'

1
4

! 4"
#$

%
&'

1
5

! 5"
#$

%
&'

  =  72 

 
Circular permutations  
 
A. Prince E. Pal and his 5 court jesters will sit in a circle on joke night.   In how many ways can Prince 
 and his jesters be seated in the circle? 
 
 (A)   720         (B)   144         (C)   125         (D)   120         (E)   24 
 
 Note  :    Arranging n things in a circular pattern will result in (n Ð 1)! arrangements. 
 
 Solution  :   (6  -  1)!  =  5!  =  (5)(4)(3)(2)(1)  =  120 
 
Special problem involving combinations 
 
A. Duncan Whole bakery has chocolate donuts, plain donuts, jelly donuts, and powdered donuts. 
 How many different ways can the bakery package three donuts to a pack? 
 
 (A)   8         (B)   9         (C)   12        (D)   15        (E)   20 
 
 Method #1 
 
 If you have n kinds of donuts, how many ways can you package them r donuts per box? 
 
 Rule  :   n+ r−1 Cr  
 

 Solution  :   4+3! 1C3   =  6 C 3  =  
6!

(6− 3)!3!
   =   

(6)(5)(4)(3)(2)(1)
(3)(2)(1)(3)(2)(1)

  =  20 

 
 Method #2 
 
 Solution  : Let the choices of the four kinds of donuts be a, b, c, and d. 
 
    aaa         bbb        ccc         ddd        aab        bba        cca       dda 
    aac         bbc        ccb         ddb        aac        bbd        ccd       ddc 
    abc    acd        abd         bcd 
 
    Answer  :  20 
  
Determining how many ways you can package n pieces if there are only k choices 
 
102. How many ways can a package of candy be filled with 6 pieces, if the only choices are 
 red, white, blue, and green? 
 



 
n + k ! 1
k!(n ! 1)!

  =  
(6 + 4 ! 1)!
6!(4 ! 1)!

  =  
9!
6!3!

  =  84 

 
 
Find the slope of the line that connects the points of intersection of two circles 
 
A. Two circles,  (x  -  4)2   +  (y  +  5)2   =  16  and  x 2   +  y2   =  16, intersect at two points.   Find  
 the slope of the line passing through the two points of intersection. 
 

 (A)   
5
4

         (B)   
4
5

        (C)   
16
25

         (D)   
9

16
         (E)   

1
16

 

 
 Solution  : x 2   -  8x  +  16  +  y2   +  10y  +  25  =  16 
 
   x 2   +  y2   -  8x  +  16  +  10y  +  25  =  16 
 
   Let x2   +  y2   =  16 in the equation above. 
 
   16  -  8x  +  16  +  10y  +  25  =  16 
 
   - 8x  +  10y  =  - 41 
 
   10y  =  8x  -  41 
 

   y  =  
4
5

x  -  
41
10

  ;   The slope is  
4
5

 

 
 
Shortuct for finding f ! 1 (k) given f(x) 
 

A. If  f(x)  =  
5x ! 3
x + 5

, where  x  !  - 5, then f−1 (2)  =  ? 

 

 (A)   4 
1
3

         (B)   1 
6
7

        (C)   1        (D)   - 
3

13
        (E)   - 1 

 
 Note  :    Traditionally you would interchange the x and y terms and solve for y.   Then you would  
     Let x  =  2 to solve this problem.    The method illustrated below is a shortcut. 
 

 Solution  : 2  =  
5x ! 3
x + 5

 

 
   2x  +  10  =  5x  -  3 
 

   13  =  3x  ;  x  =  
13
3

  =  4 
1
3

 

 
Find the quadratic mean 
 
A. Find the quadratic mean of 2, 3, 5, and 7.  (nearest hundredth) 
 



 (A)   4.84        (B)   3.42        (C)   4.25        (D)   3.81        (E)   4.66 
 

 Note  :    In the set {x1 , x2 , x3 , É, x n } the quadratic mean is 
(x1)

2 + (x2 )
2 + (x3)

2 + ...(xn )
2

n
. 

 

 Solution  : 
22 + 32 + 52 + 72

4
  =  

87
4

  =  4.66 

 
Finding harmonic mean of a cubic equation 
 
A. Find the harmonic mean of the roots of  x 3   -  7x 2   +  14x  -  8  =  0. 
 

 (A)   1 
5
7

         (B)   1 
3
4

        (C)   2        (D)   2 
1
3

        (E)  2 
2
5

 

 
 Assuming that the roots of the polynomial equation are p, q, and r, then the harmonic mean 
 Is equal to the number of roots of the equation divided by the sum of the reciprocals of the roots. 
 

  
3

1
p

+
1
q

+
1
r

  =  
3

qr + pr + pq
pqr

  =  
3pqr

qr + pr + pq
    

 
 The result can be interpreted as 3 times the product of the roots divided by the sum of  
 the product of the roots taken 3 at a time. 
 
 Given ax 3  +  bx 2   +  cx  +  d  =  0, the the harmonic mean is equal to  : 
 

  
3 !

d
a

"
#$

%
&'

c
a

  =  - 
3d
c

 

 

 The solution for the given problem is  
−3(−8)
14

  =  
24
14

  =  
12
7

  =  1 
5
7

 

 
Finding geometric mean of a cubic equation 
 
A. Find the geometric mean of the roots of  x3   -  7x2   +  14x  -  8  =  0. 
 

 (A)   1 
5
7

        (B)   1 
3
4

       (C)   2       (D)   2 
1
3

         (E)   2 
2
5

 

 
 Solution  : The geometric mean of the roots is the cube root of the product of the roots. 

   Note  :    If  ax3  +  bx2   +  cx  +  d  =  0, the product of the roots is - 
d
a

. 

 

   −
−8
1

⎛
⎝⎜

⎞
⎠⎟

3   =  83   =  2 

 



Inverse Matrix  
 

A. If  A  =  
! 2 3

! 5 4
"

#
$

%

&
'   and  A−1   is the inverse of A, then the determinant of  A! 1  is  : 

 

 (A)   - 
1
7

        (B)   - 7        (C)   1       (D)   
1
7

        (E)   7 

 

 If  A  =  
a b

c d
⎡

⎣
⎢

⎤

⎦
⎥ , then A! 1   =  

1
ad ! bc

d ! b

! c a
"

#
$

%

&
' . 

 

 A ! 1   =  
1

(! 2)(4) ! (! 5)(3)[ ]
4 ! 3

5 ! 2
"

#
$

%

&
'  

 

 =  
1
7

4 ! 3

5 ! 2
"

#
$

%

&
'   =  

4
7

!
3
7

5
7

!
2
7

"

#

$
$
$
$

%

&

'
'
'
'

 

 

 =  
4
7

!
"#

$
%&

'
2
7

!
"#

$
%&

  -  
5
7

!
"#

$
%&

'
3
7

!
"#

$
%&

 

 

 =  - 
8
49

  +  
15
49

  =  
7
49

  =  
1
7

 

 
Finding area of a quadrilateral given vertices 
 
A. Renay Deskheart plotted the points (1, 1), (2, 4), (4, 4) and (5, 1).   What is the area of the 
 quadrilateral formed by these points? 
 
 (A)   9 sq. units     (B)   72  sq. units     (C)  10 sq. units     (D)   82  sq. units     (E)   92  sq. units 
 
  Note  :   The area of a triangle having vertices (A, B), (C, D), and (E, F) is the absolute value of 

   the determinant of N, where N  =  
1
2

A B 1

C D 1

E F 1

 

 
 To find the area of a quadrilateral given its vertices, divide the quadrilateral into two triangles, then 
 find the sum of the area of the two triangles. 
 
 Solution  : A(1, 1)  ;  B(2, 4)  ;  C(4, 4)  ;  D(5, 1) 
 

   Area of  ! ABC  =  
1
2

1 1 1

2 4 1

4 4 1

  =  
1
2

1(0) ! 1(! 2) +1(! 8)[ ]   =  
1
2

! 6   =  3 

 



   Area of ! CDA  =  
1
2

1 1 1

5 1 1

4 4 1

  =  
1
2

1(! 3) ! 1(1) +1(16[ ]   =  
1
2

12[ ]   =  6 

 
   Area of the parallelogram is  3  +  6  =  9 
 
Find coordinates of the incenter 
 
A.    The coordinates of the vertices of ! ABC are (- 2, 0), (1, 4), and (4, 0).   The coordinates  
 of the incenter is  : 
 

 (A)   
13
16

,1
1
4

⎛
⎝⎜

⎞
⎠⎟           (B)   1,1 3

16
!
"#

$
%&

          (C)   1
3

16
,1

1
4

!
"#

$
%&

          D(   1,1
1
2

!
"#

$
%&

          (E)   1
1
4

,1!
"#

$
%&

 

 
 Note  :  The incenter of a triangle is the center of the circle inscribed in the triangle.   If the 
   vertices of a triangle are  xa,ya( ) , xb ,yb( ) , and xc,yc( )  and the opposite sides  
   have length a, b, and c, then the coordinates of the incenter are  : 
 

   
axa + bxb + cxc

a + b + c
,
aya + byb + cyc
a + b + c

⎛
⎝⎜

⎞
⎠⎟ . 

 
 Solution  : Make a sketch depicting the given triangle with vertices at A, B, and C. 
 
   Use distance formulas to find the lengths of a, b, and c. 
 
   A  =  5,  b  =  6  and  c  =  5 
 

   
5(! 2) + 6(1) + 5(4)

5 + 6 + 5
,
5(0) + 6(4) + 5(0)

5 + 6 + 5
"
#$

%
&'

  =  
16
16
, 24
16

!
"#

$
%&

  =  1,1
1
2

!
"#

$
%&

 

 
Find coordinates of the centroid 
 
A. The coordinates of the vertices of  ! ABC are  (- 3, 2), (2, 4), and (1, - 3).   The coordinates of the  
 centroid is  : 
 
 (A)   (1.5, 0)       (B)   (- .5, 1)        (C)   (1, 1)       (D)   (- 1, 2)        (E)   (0, 1) 
  
 The centroid is the intersection of the medians of a triangle.     The median is a segment drawn from 
 a vertex of a triangle to the midpoint of the opposite side of the triangle. 
 
 Note  :    If the coordinates of the triangle are known, then the coordinates of the centroid are the  
   averages of the coordinates of the vertices.    If the coordinates of the vertices of the 
   triangle are  (x1, y1), (x2 , y2 ), and (x3, y3) the coordinates of the centroid is 

   
x1 + x2 + x3

3
,
y1 + y2 + y3

3
!
"#

$
%&

, 

 

 Solution  : 
−3+ 2+1

3
,
2+ 4 + (−3)

3
⎛
⎝⎜

⎞
⎠⎟   =  (0, 1) 

 
Centroid of a triangle 



 
A. Let  C be the centroid and segment XM be a median of  ! XYZ   If  XC  =  9 and CM  =  n  +  3, 
 then n  =  ? 
 
 (A)   1.5         (B)   3        (C)   4.5       (D)   6       (E)   7.5 
 
 The centroid of a triangle is the point of intersection of its medians (the lines joining each vertex 
 With the midpoint of the opposite side).   The centroid divides each of the medians in the ratio 

 2 : 1, which is to say it is located 
1
3

 of the perpendicular distance between each side and the  

 opposing point. 
 
 Make sketch that depicts information given. 
 

 9  =  
2
3

(9  +  n  +  3) 

 

 9  =  
2
3

(12  +  n) 

 

 
3
2

!
"#

$
%&

9  =  n  +  12 

 
 13.5  =  n  +  12  n  =  1.5 
 
Find coordinates of the othocenter 
 
A. Find  the coordinates of the orthocenter of a triangle with vertices A(1, -3),  B(2, 7)  and  C(- 2, - 3). 
 
 Note  :   The orthocenter of a triangle is a point where the altitudes intersect. 
 
 Solution  : Find the slope of segment AB. 
 

   
7− −(3)

2−1
  =  10 

 
   Find the slope of the line passing through the point C(- 2, - 3) that is perpendicular 
   to segment AB. 
 

   - 
1
10

  =  
y + 3
x + 2

 

 
   x  +  2  =  - 10y  -  30 
   x  +  10y  =  32 
 
   Find the slope of segment BC. 
 

   
7 ! (! 3)
2 ! (! 2)

  =  
10
4

  =  
5
2

 

 
   Find the slope of the line passing through the point A(- 1, 3) that is perpendicular 
   to segment BC. 



 

   - 
2
5

  =  
y + 3
x ! 1

 

 
   2x  -  2  =  - 5y  -  15 
 
   2x  +  5y  =  - 13 
 
   Solve the following simultaneous equations.    Multiply the top equation by Ð 2 and 
   Add it to the bottom equation. 
 
   x  +  10y  =  - 32   - 2x  -  20y  =  64  - 15y  =  51  ;  y  =  - 3.4 
 
   2x  +  5y  =  - 13                                   2x  +  5y  =  - 13 
 
   If y  =  - 3.4 find x by substituting in the equation  x  +  10y  =  - 32. 
 
   x  +  10(- 3.4)  =  - 32 
 
   x  -  34   =- 32 
 
   x  =  2 
 
   The orthocenter is  (2, - 3.4) 
 
Finding Asymptotes 

B. How many asymptotes does f(x)  =  
8x2 ! x + 4
x2 ! 6x + 5

 have? 

 
 (A)   0        (B)   1        (C)   2       (D)   3       (E)   4 
 
 Solution  : Find the vertical asymptotes. 
 
   x 2   -  6x  +  5  =  0 
 
   (x  -  5)(x  -  1)  =  0 
 
   x  =  5  and  x  =  1  ;    f(x) has 2 vertical asymptotes. 
 
   Find the horizontal asymptote. 
 

   y  =  Lim x! "

8x2 ! x + 4
x2 ! 6x + 5

  =  8  ;  f(x) has 1 horizontal asymptote. 

 
   Find the slant asymptote. 
 
   Since the degree of the numerator is not 1 larger than the degree of the denominator 
   f(x) does not have a slant asymptote. 
 
   Answer  :   3 
 
Circumradius 
 



A. The length of the circumradius of a regular polygon is 5 cm.   Find the area of the regular 
 pentagon.   (nearest tenth). 
 
 (A)   19.3 sq. cm.     (B)   29.7 sq. cm.     (C)  38.6 sq. cm.     (D)   59.4 sq. cm.     (E)   73.5 sq. cm. 
 
 The circumradius is a segment with one enpoint at the center of the circle inscribed in a polygon and 
 other endpoint at one of the vertices of the polygon.    If all of the circumradii are drawn, the pentagon 

 will be divided into 5 congruent triangles.    You can use the formula,  A  =  
1
2

abSinC to find 

 the area of one triangle, then multiply the result by 5 to find the area of the pentagon. 
 

 Each central angle of the regular pentagon is equal to 
360¡

5
  =  72¡ 

 

 5
1
2
(5)(5)sin 72¡!

"#
$
%&

  =  59.4 

 
Power Series 

(1) ex     =  1  +  x  +  
x2

2!
  +  

x3

3!
  +  É  

 

 (A). Find the digit in the millionths place 1  +  (- 1)  +  
(! 1)2

2!
  +  

(! 1)3

3!
  +  

(! 1)4

4!
  +  É  

 
  (A)   3         (B)   4        (C)   6        (D)   7        (E)   9 
 

  Note  :  (1) ex     =  1  +  x  +  
x2

2!
  +  

x3

3!
  +  É  

 
   e! 1   =  .367879441171  (the millionth place is  9) 
 

(2) - ln(1  -  x)  =  x  +  
x2

2
  +  

x3

3
  +  

x4

4
  +  É  

 

(3) sinx  =  x  -  
x3

3!
  +  

x5

5!
  -  

x7

7!
  +  É  

 

(4) cosx  =  1  -  
x2

2!
  +  

x4

4!
  -  

x6

6!
  +  É  

 

 A. Find F(2) when f(x)  =  1  -  
x2

2
  +  

x4

24
  -  

x6

720
  +  É (nearest thousandth) 

 
  (A)   - .441        (B)   - .408        (C)   - .416       (D)   - .466        (E)  -.422 
   

  Note  :   cosx  =  1   -  
x2

2!
  +  

x4

24
  -  

x6

720
 +  É  

 
  Set calculator to radian mode.     F(2)  =  cos2  =  - .416 
 



(5) ln(x  +  1)  =   x  -  
(x)2

2
  +  

(x)3

3
  -  

(x)4

4
 +  

(x)5

5
  -  É  

 

A. Find the sum of the series  0.5  -  
(0.5)2

2
  +  

(0.5)3

3
  -  

(0.5)4

4
 +  

(0.5)5

5
  -  É  (nearest thousandth) 

 
(A)   0.385          (B)   0.401         (C)   0.403        (D)   0.405       (E)   0.407 

 

Note  :  ln(x  +  1)  =   x  -  
(x)2

2
  +  

(x)3

3
  -  

(x)4

4
 +  

(x)5

5
  -  É  

 
 ln(.5  +  1)  =  ln(1.5)  =  .405 

 
Quotient Rule 
 

A. If  f(x)  =  
ax + b
cx + d

, then fÕ(k)  =  
ad ! bc

(ck + d)2 . 

 

 1. If f(x)  =  
5x + 3
2x + 4

, then fÕ(- 1)  =   

 

  Solution  :    fÕ(- 1)  =  
5(4) ! (3)(2)

2(! 1) + 4[ ]2   =     
14
4

  =  
7
2

 

 
  WARNING  :       Larry White, UIL State Director of Mathematics has taken this problem and 
          written it where the terms in the numerator and the denominator are not  
     written in standard form. 
 
Finding Initial Velocity  
 

1. Robin D. Hood shoots an arrow from an 80 castle wall at a velocity of 64 ft/sec.  Its height, H  
in feet, above the ground at S seconds can be found by the equation H  =  80  +  64S  -  16S2 . 
Find the instantaneous velocity at 1.5 seconds. 
 
(A)   140 ft/sec        (B)   112 ft/sec        (C)   48 ft/sec        (D)  20 ft/sec      (E)   1 ft/sec 
 
The first derivative of H is equal to the initial velocity. 
 
HÕ  =  - 32S  +  64 
 
HÕ(1.5)  =  - 32(1.5)  +  64  =  16 ft/sec 

 
fÓ(x), fÕ(x) and f(x) 
 

A. If fÓ(xz)  =  12x  +  2  and fÕ(1)  =  5  and  f(1)  =  4, then f(- 1)  =  ________. 
 

(A)   6         (B)   3        (C)   1        (D)   - 4        (E)   - 10 
 

fÕ(x)  =  f "(x)dx!   =  (12x + 2)dx!   =  6x2   +  2x  +  C 

 
fÕ(1)  =  6(1)2   +  2(1)  +  C  =  5  ;  C  =  - 3 



 
fÕ(x)  =  6x2   +  2x  -  3 
 

f(x)  =  f '(x)dx∫   =  6x2 + 2x ! 3( )" dx  =  2x3   +  x2   -  3x  +  C 

 
f(1)  =  2(1)3   +  12   -  3(1)  +  C  =  4  ;  C  =  4 
 
f(x)  =  2x3   +  x2   -  3x  +  4 
 
f(- 1)  =  2(- 1)3   +  (- 1)2   -  3(- 1)  +  4  =  6 

 
Calculus Theorems 
 
 Fundamental Theorem of Algebra  : states that every non-constant single-variable polynomial 
                With complex coefficients has at least one complex root. 
 
 Mean Value Theorem  : states that if f(x) is defined and continuous on the interval [a, b] and 
                Differential on (a, b), then there is at least one number c in the interval 

                (a ,b) (that is  a  <  c  <  b} such that  fÕ(c)  =  
f (b) − f (a)

b− a
 

 RolleÕs Theorem  :  states that if f(a)  =  f(b), we have fÕ(c)  =  0.  In other words, there exists 
                A point in the interval (a, b) which has a horizontal tangent. 
 
 Max-Min Theorem  :    If f is a continuous function on a compact set K, then f has an absolute  
                 Maximum and an absolute minimum on K.   In particular, f must be bounded 
                 On the compact set K. 
 
 Fundamental Theorem of Calculus  :   states that, if f is continuous on the closed interval [a. b] and 
               F is the antidervative (indefinite integral) of f on [a, b], then 

     f (x)dx
a

b

!   =  F(b)  -  F(a). 

 
DEFICIENT NUMBERS  
 
In mathematics, a deficient number  or defective number is a number whose sum of its positive 
integral divisors is less than twice the number.   The first few deficient numbers are : 
 
1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 13, 14, 15, 16, 17, 19, 21, 22, 23, 25, 26, 27, É 
 
As an example, consider the number 21.   Its divisors are 1, 3, 7, and 21, whose sum is 32.   Because 
32 is less than 2 x 21, the number 21 is deficient.  
 
An infinite number of both even and odd deficient numbers exist.   For example, all prime numbers, 
All prime powers and all proper divisors of deficient or perfect numbers are deficient. 
 
PERFECT NUMBERS 
 
In mathematics, a perfect number is a number whose sum of its positiveintegral divisors is equal to 
twice the number.   The first perfect number is 6, because 1, 2, 3 and 6 are its positive integral divisors. 
and their sum is equal to 2 x 6  =  12.    The next perfect number is 14, since  1  +  2  +  4  +  7  +  14  +  28 
= 56 which is 2 x 28.    The next perfect numbers are 496 and 8128. 



 
Note  :   The first few perfect numbers are 6, 14, 28, 8128, É 
 

ABUNDANT NUMBERS  
 
In mathematics, an abundant number is a number whose sum of its positive integral divisors is greater 
than twice the number. 
 
The first few abundant numbers are : 
 
12, 18, 20, 24, 30, 36, 40, 42, 48, 54, 56, 60, 66, 70, 72, 78, 80, 84, 88, 90, 96, 100, 102, É 
 
As an example, consider the number 24.   Its divisors are 1, 2, 3, 4, 6, 8, 12, and 24, whose sum is 60. 
Because 60 is more than 2 x 24, the number 24 is abundant.    
 
The smallest odd abundant number is 945. 
 
Infinitely many even and odd abundant numbers exist.   Every proper multiple of a perfect number, and 
every multiple of an abundant number, is abundant.    
 

SUM OF THE POSITIVE INTEGRAL DIVISORS  
 
Knowing how to find the sum of the positive integral divisors can be helpful in determining if a number 
is deficient, perfect or abundant. 
 
Example A  :   Determine if 28 is deficient, perfect or abundant. 
 
  Step # 1  :   Prime factor the number. 
 
          28  =  22  
 
  Step #2  :   Take each base, increase the exponent by 1, subtract 1, and divide by the 
          base minus 1. 
 

          
22+1 ! 1
2 ! 1

"

#$
%

&'
71+1 ! 1
7 ! 1

"

#$
%

&'
  =  (7)(8)  =  56 

 
    Since the sum of the positive integral divisors is equal to twice the number, the  
    number is perfect (56  =  2(28)). 
 
Example B  :   Determine if 36 is deficient, perfect, or abundant. 
 
    Step #1  :   Prime factor the number. 
 
                      36  =  22   x  32  
 
    Step #2  :   Take each base, increase the exponent by 1, subtract 1, and divide by 
         the base minus 1. 
 

         
22+1 −1
2−1

⎛
⎝⎜

⎞
⎠⎟

32+1 −1
3−1

⎛
⎝⎜

⎞
⎠⎟

  =  (7)(13)  =  91 

 



          Since the sum of the positive integral divisors is more than twice the 
          number, the number is abundant (91  >  2(36). 
 
 


